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Abstract 

The low-energy effective action for the A/" = 4 super Yang-Mihs on the Coulomb 
branch is known to include an 50(6)-invariant Wess-Zumino (WZ) term for the six 
scalar fields. For each maximal, non-anomalous subgroup of the SU{4) R-symmetry, 
we find a four-dimensional form of the WZ term with this subgroup being manifest. 
We then show that a recently proposed expression for the four-derivative part of 
the effective action in = 4 [/ 5*^(4) harmonic superspace yields the WZ term with 
manifest 50(5) R-symmetry subgroup. The M = 2 SU{2) harmonic superspace 
form of the effective action produces the WZ term with manifest 50(4) x SO{2). 
We argue that there is no four-dimensional form of the WZ term with manifest 
SU{3) R-symmetry, which is relevant for M = 1 and M = 3 superspace formulations 
of the effective action. 
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1 Introduction 

Wess-Zumino (WZ) terms arise in low-energy quantum effective actions as a consequence 
of anomalies in global symmetries [H |2] . In a four- dimensional gauge theory, with gauge 
group Gg and global symmetry group Ggi, the anomaly in Ggi can appear in a 'global- 
gauge-gauge' or in a 'global-global-global' triangle diagram. In the former case, the global 
symmetry is broken at the quantum level: the Noether current of Ggi is not conserved 
and the quantum effective action has non-zero variation under Gg[. However, if only the 
'global- global- global' diagram is anomalous, Ggi is not broken at the quantum level: the 
current is conserved and the effective action is invariant. Still, the anomaly manifests 
itself in the appearance of the WZ term, which can be understood using 't Hooft anomaly 
matching argument [31 H] . 
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This is precisely what happens in the N' = 4 super Yang-Mills (SYM) theory [SI E , 
which has global SU{4:) R-symmetry with anomalous 'global- global- global' diagram. □ 
When the gauge group Gg is spontaneously broken to a subgroup Hg, and \Gg\ — \Hg\ 
massive gauginos are integrated out, a WZ term [13] appears in the effective action with 
the coefficient proportional to [Ggl — \Hg\ so that 't Hooft anomaly matching is satisfied 
in E]. As the scalars receiving vacuum expectation values are in the adjoint of Gg, the 
unbroken Hg necessarily has a U{1) subgroup [15], so that the theory is 'on the Coulomb 
branch.' 

The basic example has Gg = SU{2) spontaneously broken to Hg = f/(l) [16j. The 
massless degrees of freedom then constitute one M' = 4 abelian multiplet containing 
the Maxwell field-strength F^n, six scalars Xa and four gauginos (in the 1, 6 and 4 
representation of SU{A)f(, respectively). The low-energy effective action, F, is conformal 
and Af = 4 supersymmetric [IT] , albeit very non-local. Within the derivative expansion of 
the effective action [18], the two-derivative part, is given by the classical Af = 4 super 
Maxwell action [T^]. The first non-trivial contribution is given by the four- derivative part, 

which includes the so-called 'F'^/X^' term 



^ ^ d^x—^—. (FmnF'^^FkiF'^ - -AF^F^'if ) , (1.1) 



(87r)2 J [XaXa] 

as well as the pure-scalar WZ term [T3l [H] (shown here in its five-dimensional form) , 



eOvr^ 



j d'x e^^^^^e^^^^^^ j^.XAdMXBdr^XcdKXndMpXF , (1.2) 



where |Xp = XaXa- In this paper, we will analyze superfield actions which include both 
(11. II) and (II. 2p among their components and thus represent the M = 4 SYM low-energy 
effective action 

To write the WZ term (ll.2p directly as a c? = 4 integral, one has to sacrifice part of 
the manifest 5*0(6) R-symmetry. The 't Hooft anomaly matching argument [31 13] tells us 
that all anomalous R-symmetry generators must transform the four- dimensional WZ term 
into a total divergence, and therefore anomalous R-symmetry subgroups cannot remain 
manifest. Among the four maximal subgroups of SO{Q)r ~ SU^'i)^ [TSl [22| (defined by 
the decomposition of the 4 of 5't/(4)/j), 

Sf/(3) X [/(I), 4 = 3+1 + 1^3 

S0(5) ~ USp{A), 4 = 4 

S0(4) X 50(2) ~ Sf/(2) X 5f/(2) X f/(l), 4 = (2, l)+i + (1, 2)_i 

S0(3) X 50(3) ~ 5f/(2) X 5f/(2), 4 = (2,2), (1.3) 



^ The N = A SYM is a chiral theory. Its fermionic degrees of freedom are positive hehcity 4 and 
negative hehcity 4 of SU{4)r, ah in the adjoint of the gauge group Gg. The SU{4)r currents are chiral, 
and there is an anomaly in their triangle diagram proportional to the number of charged fermions, and 
thus to the dimension \Gg\ of the gauge group [3 |8l [9l [ini [H] • There are, however, no anomalies involving 
the gauge group currents, and the full superconformal group P5[/(2,2|4) is unbroken at the quantum 

level rni. 



3 



the first subgroup is anomalous, whereas the other three are non- anomalous. U For each 
of the non-anomalous subgroups, we will explicitly construct a four-dimensional form of 
the WZ term with this subgroup being manifest. For the SU{3) x U{1) subgroup, this is 
not possible, according to the above argument. 

Supersymmetry of the TV = 4 SYM effective action T would be best utilized by writing 
it as a superspace functional. In this paper, we will consider the superspace form of F 
on classical shell. Namely, we will constrain the fields of the J\f = 4 gauge multiplet to 
satisfy their equations of motion, 

= DXa = 0. (1.4) 

As is well-known, the effective action F restricted to on-shell fields is related to the S- 
matrix functional |24j . 

On shell, the four-derivative part of the effective action, turns out to be simplest 
in jV = 4 USp{A) harmonic superspace [251 |2B]. The gauge multiplet is then represented 
by a single A/" = 4 superfield strength W, and we find that 

If W 
^" = ^96^ J ^^^^l^X ' ^^-^^ 

where the integral is over an analytic subspace of the TV = 4 superspace. This form of 
the N' = 4 SYM effective action was suggested in [26]. We will confirm its correctness by 
demonstrating that it does reproduce both the 'F^/X^' and the WZ term. 

In the more familiar J\f = 2 SU{2) harmonic superspace [271 EH], the M = 4 gauge 
multiplet is described by one Af = 2 gauge superfield strength W and one Af = 2 hyper- 
multiplet superfield q^. The expression for r4 in this superspace was found by Buchbinder 
and Ivanov [29] to have the following form 

(47r)2 J I A A ^ n\n + 1) \ WW J j ^ ' 

where the integration is over the full Af = 2 harmonic superspace. It has been known that 
this action contains the 'F^/X^' term (11. ip . We will demonstrate that it contains the WZ 
term (II. 2p as well. The actions (II. 5p and (II. 6p are, therefore, equivalent on classical shell. 

This paper is organized as follows. In Section [21 we will present the manifestly 5*0(5), 
^0(4) X S0{2) and ^0(3) x 50(3)-invariant forms of the ^0(6)-invariant WZ term (fr2D . 
These will follow from a more general construction valid in any dimension. In Sections [3] 
andUl we will motivate and analyze the superspace actions (ll.Sp and (II. 6p . respectively, 
giving details for the corresponding superspaces in Appendices |A| and [Bl In Section [5l we 
will summarize our results and discuss some related questions. 

^The anomaly is absent for the USp{4) and SU{2) x SU(2) subgroups because the 4 of USp{A) and 
2 of SU{2) are self-conjugate [23]. The potential [/(I) anomaly for the SU{2) x SU{2) x C/(l) subgroup 
cancels due to the symmetric U{1) charge assignments in 4 = (2,l)+i + (l,2)„i. 

^ The hypermultiplet-independent part of (|1.6|) is given by the non-holomorphic potential [18] found 
in [301 EQ] . The overall coefRcient has been calculated perturbatively in [311 1321 [Ml EH ES] and is directly 
related to the coefficient in 
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2 /SO (6) -invariant WZ term 



The WZ term (11.21) corresponds to a particular case of the (i-dimensional WZ term in 
the SO{d + 2) sigma model EZl EH]- In this section, we will construct (i-dimensional 
Lagrangian forms for this term with manifest SO{n) x S0{d+2—n) subgroups of S0{d+2), 
and then specialize to d = 4. For n = d + 1, our results reproduce those in |37]. To the 
best of our knowledge, the results for other n are new. 



2.1 Various forms of the SO{d + 2)-invariant WZ term 

The SO{d + 2)-invariant d-dimensional WZ term is constructed out of Goldstone bosons 
parametrizing S"^"*"^ = S0{d + 2)/ SO{d+ 1). Introducing a ((i + 2)-component scalar field 
Xa, with A = 1, . . . ,d + 2, we will use the normalized scalar field Ya, 

>A = ^, |X| = ^/XaXa, YaYa = 1, (2.1) 

to parametrize S'^'^^. The WZ term is given by the [d + l)-dimensional integral of a 
{d + l)-form that generates the de Rham cohomology group H'^~^^{S'^'^^] R) = Z [3^. The 
simplest choice of such a form corresponds to the volume form on S'^^^, 



^d+i = , -iM ^A^dYA^ A c^Yas a ■ ■ ■ a 



^Ai...Aa 

Jd + iy. 

e 

~{d+l 



Ax...Ad+2 



d'-^'x^:^-^ e^'^-^'^-^YA^dujA, . . . Om^^Ja,,, . (2.2) 



The conventionally normalized WZ term is then defined as follows [371 EH] 



Swz = I ujd+i . (2.3) 



\d/2)\ 



7T 



d/2 



Y 



Here f2y is a hemisphere in S"^^^ whose boundary, OQy, is the image of the d-dimensional 
space-time, viewed as a large S'^, under the map Ya{x) [21 SD]- For any integer N, choosing 
another hemisphere changes by 2tt times an integer. 

Let us now split the index A into a = 1, . . . , n and a' = n + 1, . . .n + m, where we 
defined m = d + 2 — n. With the convention = ^^■■■n^n+i...n+m^ then have 

ujd+i = — c^n-i A du'^_^ + (-)"-rfw„_i A , (2.4) 

m n 

where 

= J^^^y^.dY^. ■ ■ ■ dYa„, uj'^.r = J^^^^^a'dY^'. ■ ■ ■ dYa'^ . (2.5) 



Introducing y = YaYa = 1 — Ya'Ya', we find the following useful identities 

2 2 

dy A Un-i = -ydun-i, dy A Um-i = (1 - y)dum-i , (2.6) 

n m 
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where we used that the antisymmetrization in (n + 1) n-dimensional indices yields zero. 
It then follows that 

"^"^ - 2,(1-,) • (2.7) 

Next, we take the following ansatz[f| 

Ud+i = d(f{y)ujn-i A uj'm-i) , (2.8) 



and also bring it to the form (12. 7p using the identities (12. 6p . We then immediately find 
that f{y) must satisfy the following differential equation, 

Its general solution is given by 

m- ..^J:r..,.A BJl^)-CB(l'I^)] . (2.10) 



2,«/2(i _ y)m/2 I n2' 2 / V2' 2 / 

where C is the constant of integration. The solution is regular at ?/ = if C = and 
regular at ?/ = 1 if C = 1. Choosing f{y) that is non-singular in Qy and using Stokes's 
theorem, we obtain the dimensional form of the WZ term with manifest SO{n) x SO{m) 
invariance, [d = n + m — 2), 

(d/2V p"!-'^" r 
^wz = -^Ht^T niT ni / f iyaYa)Y,,dY,, . . . . . . dY,,^ . (2.11) 

The residual transformations from SO{d + 2) vary the integrand in this expression into 
an exact (i-form, consistent with the fact that is SO{d + 2) invariant. 

2.2 50(6) WZ term with manifest 50(5) 

For d = A, (12. 3p gives the manifestly S'0(6)-invariant WZ term 

^wz = [ e^'^^'^'^^YAdYB A dYc A dY^ A dYs A t/F^ , (2.12) 

which reduces to (11.21) for = 1. Using (12.111) with n = 5 and m = 1, we then obtain 
the 4-dimensional form of this WZ term with manifest S'0(5) invariance. 



S'^> = / e'"'^''^ ^YadYb A dY, A dYd A dY, 



(4) _ N f g{z) ^ 
Jdny ^6 

j d^xe^e'^"^^^ ^-^XadmXAX,d,Xdd,X, , (2.13) 



GOtt 



^ The volume form LOa+i is closed, but not exact. This is consistent with (j2.8l) only if f{y) is singular 
at some value of y in the interval < y < 1 . 

6 B{n,m) = T{n)T{m)/T{n + m) is the Euler beta function, and By{n,m) = dtt"~^{l - t)'^'^ is 
the incomplete beta function satisfying Bi(n, m) = B{n, m). 
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where m = 0, 1, 2, 3 is the four- dimensional space-time index, a = 1, 2, 3, 4, 5 is the 5*0(5) 
index, and we defined g{z) = —5(1 — y)^f{y) with 



2 _ y _ ^aYa _ XgXg 

i-y~ Yi - xf ■ ^'-'"^ 



This function satisfies the following equation 



.^^(.) + 5,(.) = ^^^, (2.15) 

and its solution that is regular at 2; = 0, with (7(0) = 1, is given by 

5 / zi'i + hz^)\ 5^ (n + 2)(n + l), 

giz) = 3arctanz- ^ = - > ^ -(-z^V . 2.16 

^ 8z^ \ 1 + ^22 I 2^ 2n + 5 ^ ^ ^ ^ 

\ \ / / n=0 

In Section [31 we will show that this function arises naturally from (11. 5p . i.e. from the 
J\f = 4 SYM effective action in the J\f = 4 U Sp{4:) harmonic superspace. 

2.3 50(6) WZ term with manifest 50(4) x 50(2) 

When n = 4 and m = 2, the solution to (12. 9p that is regular at ?/ = is simply 

The form of the WZ term (12.121) with manifest 5*0(4) x 50(2) invariance is then 

N 



127r 



J {XeXf. + Xd'Xd'Y Xc>Xc> 



where now a = 1,2,3,4 is the 50(4) index, a' = 5, 6 is the 5*0(2) index, and we used 
that 1 — y = Yc'Yc'. Introducing the following polar decomposition 

X6 + 2X5 = Xe'°, (2.19) 

we then find that 

(4) _ N r ,^ ^rnnpq^abcd ^admXbdnXcdpXd 

In this form, the 5*0(2) acts by shifting a by a constant. In Section |H we will see this 
form of the WZ term arising from ( 11. 6p . i.e. from the Af = 4 SYM effective action in the 
Af = 2 SU{2) harmonic superspace. 
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2.4 S0{6) WZ term with manifest 50(3) x 50(3) 



Using (12. lip with n = 3 and m = 3, we obtain the form of the WZ term (12.121) with 
manifest SO {3) x 5*0(3) invariance, 

Swz = I e'''''e'''''''f{y)YadY,AdY,AYa>dYf,,AdY,,, (2.21) 

^71" J any 

where y = YaYa = 1 — Ya'Ya'. The solution for fiy) is as given by (I2.10p with C = 0. 
However, we will not discuss this form of the WZ term further in this work. 

To summarize, we have found that the WZ term (11.21) can be written in three different 
four-dimensional forms, with manifest S'0(5), SO {A) x S'0(2), or SO {3) x SO {3), respec- 
tively. The residual 5*0(6) transformations are non-manifest symmetries of S^^: they 
vary the integrands in the corresponding expressions into total divergences. Conformal 
5*0(4,2) transformations similarly split into manifest (leaving the integrands invariant) 
and non-manifest (changing the integrands by total divergences) symmetries. 

In the following sections, we will find that the 5*0(5) and 50(4) x 50(2) forms of 
the WZ term correspond, respectively, to the A/" = 4 and M = 2 harmonic superspace 
formulations of the A/" = 4 SYM effective action. 



3 Effective action in A/^ = 4 harmonic superspace 

In this section, we will establish the = 4 harmonic superspace form for the four- 
derivative part in the Af = 4 SYM effective action on the Coulomb branch. An extensive 
list of A/" = 4 harmonic superspaces, with harmonics defined on various coset manifolds 
G/H, is given in [25j. We will use the one with f/5*p(4)/[[/(l) xU{l)] harmonics [26]. This 
choice is motivated by the fact that the WZ term, which must be present in the effective 
action, can be chosen to respect manifest USp{A) ~ 50(5). Our conventions and basic 
features of the J\f = 4 USp^A) harmonic superspace are explained in Appendix Rl 

3.1 Scale- invariant effective action 

In A/" = 4 f/5p(4) harmonic superspace, the A/" = 4 gauge multiplet is described by a 
constrained superfield W. The constraints make the component fields satisfy on-shell 
equations (11.41) . In the bosonic sector, the component decomposition of W reads 

+4^(+.o)^(-.o)^-a),+)^-^,-)5«.5/3/.[^ - ^Xavl] . (3.1) 

The missing fermionic components are given explicitly in eq. (5.21) of '26] . They are naturally 
written using USp{4) harmonics u. For the bosonic components, however, we found it more convenient 
to use the 50(5) harmonics v [4T1I421. The v^s are given in terms of u's in ()A.33| . 
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Here (p and Xa are the six scalars split into 1 and 5 of USp{A). The S0{5) harmonics 
and Grassmann coordinates 6''s are defined in Appendix lAl 

In general, the effective action is a functional which can be written as a superspace 
integral of some function of W and its covariant superspace derivatives. We point out 
that the analytic measure d(, written exphcitly in ( IA.16IIA.17I) . yields eight Grassmann 
derivatives, or, equivalently, four space-times ones. Hence, the four- derivative part of the 
effective action r4 is given by 



j dCdvH{W), (3.2) 



with some function 7/(>V) of the superfield strength without derivatives. This function 
can be fixed using scale invariance of the TV = 4 SYM effective action. As the measure 
dC,dv is dimensionless, l-iiyV) should also be dimensionless. As W has mass dimension 
one, we have to introduce a parameter A such that W/A is dimensionless and choose 

H{W,^) = H{W/^) . (3.3) 

However, as the dependence on A must disappear upon integration over superspace, we 
are lead uniquely to 

W 

V, = K\n — , (3.4) 

with some constant coefficient k. Rescaling W then shifts "H by a constant which yields 
zero under the dC, integral. 

We conclude that the four- derivative part of the A/" = 4 SYM effective action on the 
Coulomb branch in A^ = 4 USp{4) harmonic superspace has the following simple form 

f W 

= K d(dv In — . (3.5) 

We will show that this action contains the 'F^/X^' term (11. ip and the WZ term (12.131) . 
This will allow us to fix the coefficient k. 



3.2 The 'F^/X'^' term in the J\f = 4 superspace action 

In order to identify the F^/X^ term (II. ip inside (13.50 . it is sufficient to consider W with 
constant scalar fields (p and Xa. Then only the first line in (13.11) survives. Substituting 
this simplified expression for W into the action (13.21) and integrating over 6''s, we find 

1^4 = 1 y d^xdv H^^\^ + iXavl) [f^^F^^F^iF'^ - ^(Fp,F^"?)2) , (3.6) 

where l-L^"^^ stands for the n'th derivative of 1-L with respect to its argument. To compute 
the harmonic integral, we expand "H*^^^ in the Taylor series, 

+ tXavl) = J2 -^''-''K^myx ■ (3.7) 

^ — ^ nl 

n=0 
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Applying (1A.37P to each term in the series, we obtain 

T,. = IJ d^x - \iF,,Fn') ± (J^"i^;;f;^^3) ^^^-^"n^) . (3.8) 

For the function T-t given in (13 .4^ . we have 

(3.0) 

Substituting this expression into (13 .Sp and summing the series, we find 

Tf* = lax V V \'? • (3-10) 



2 J {if^ + XaXar 

This matches (11. ip provided we identify ip = Xq and set 

Then the superfield action (13. 5p contains the 'F^/X^' term (II. ip . 

3.3 The WZ term in the J\f = 4 superspace action 

In order to identify the WZ term (12.130 inside (13. Sp . we keep the terms in (13.10 with 
derivatives on the scalars, but ignore the terms with Fmn- Substituting the resulting 
expression for W in (13. 5p and integrating over 6''s, we then find 



d^xdvH^^\^ + iX.vDd'^^Xad^^X.d^pX.dp^Xd 

X (^a - ^Vl){vl + ivl){vl + ivt){vl - IV""^) 

- j d'^xdv -H^^) (y, + iX^vDd'^^Xad^^X^^d^^dp^iip - iX^vl) 

- j d^xdv n^^^ {if + iXeVl)d''^Xad'^''Xbdaad^^{ip - iX^V^) 

+ d^xdvn^^\y^ + tX,v',)d''''d^^{^ - tXavl)daad^p{^ - tX^v!) . (3.12) 

The Levi-Civita tensor, required for the WZ term, arises only from the cyclic contraction 
of the spinor indices on four d's. With daa = (^aa^m and 9"" = cr'"""(?m, the relevant 
trace formula is 

tr a^a^aV = -2ie™ + 2(77"^"//^'? + //"Pt^™" - //"^^'r^"'?) . (3.13) 

In addition, if two 9's act on the same object, there is no contribution to the WZ term as 
^mnpqQ^Q^ vauishcs. Therefore, only the first integral in (I3.12p contributes, and we find 

Twz = 8^£™y" d''xdvU^^\^ + iX,vl)dmXadnX,dpX,d,Xdvlvlvy^. (3.14) 

10 



Using again the series expansion (13.71) and computing the harmonic integral for each term 
in the series with the help of flA.37|) . we obtain 



T ^vanpq ^abcde 

wz = —£ £ 



J d xX^d^XAX^dMX^ ^ (2n + 5)(2n + 3)(2n + l)! ' 

(3.15) 

Substituting (13. 9 p into (I3.15P and summing the series, we find 



8 r 9 {\^) 

Twz = j d^x -Al_^XadmX,dnX,dpX,dgX, , (3.16) 

where 

5 / z(3 + 5z'^)\ 
q(z) = — - 3arctanz ^ . (3.17) 

^ ' 8z^ V (1 + ^2)2 ; ^ ^ 

This matches (I2.13|2.16p with = 1 perfectly, provided we once again identify ip = Xq 
and use the value for k, given in (13. lip . 

We have therefore established that the A/" = 4 harmonic superspace action (II. 5p con- 
tains both the 'F^/X"^' term (II. ip and the WZ term (II. 2p and therefore represents the 
four-derivative part in the Af = 4 SYM effective action on the Coulomb branch. 



4 Effective action in A/^ = 2 harmonic superspace 

In this section, we will analyze the M = 2 harmonic superspace form of the four-derivative 
part in the TV = 4 SYM effective action on the Coulomb branch. This form was found 
in [22] via Af = 4 supersymmetrization of the M = 2 supersymmetric non-holomorphic 
potential |30l |20]. We will establish that it does include the WZ term (II. 2p . which this 
time will arise in its ^0(4) x S0{2) form fl2:20|) . 



4.1 Scale-invariant and A/^ = 4 supersymmetric effective action 

The TV = 4 gauge multiplet consists of an A/" = 2 gauge multiplet and an A/" = 2 hyper- 
multiplet. Within the N = 2 harmonic superspace approach these two multiplets are 
described by off-shell unconstrained harmonic superfields (see Appendix [B]). However, for 
the purpose of writing the M = 4 SYM effective action on-shell, we will use constrained 
superfields. With all component fields satisfying their classical equations of motion (11.41) . 
the Af = 2 gauge superfield strength W (together with its conjugate W) and the J\f = 2 
hypermultiplet superfield = (g^, — g^) E have the following component expansions in 
the bosonic sector: 

W = + 2^ra'"^+9^0 + ^^^+e^a'"\a"^"F„„ 

v2 

W = <^ + 2z0+a"^r9^0+i=^7^+a"^°„a""'^F^„ (4.1) 

*In this section, we use indices a,b,c = 1,2 for the Pauli-Gursey SU{2) group [5S]. These indices 
should not be confused with the 50(5) ones used in the previous section. 
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and 



q+ = -fuf - 2ie+a"'e+drafu- . (4.2) 

The six scalars are now described by complex fields (f) and /* in the 1 and 2 of SU{2)r, 
respectively. Under the remaining U{1)r of the total U{2) R-symmetry of the M = 2 
superalgebra, 9^ have charge +1, has charge +2, whereas /* and harmonics uf are 
neutral. (The ± on 9^ and uf are charges under a U{1) subgroup of SU{2)ji.) On the 
other hand, the index a on refers to a different SU{2), the so-called Pauli-Gursey 
SU(2)pG- The U{2) R-symmetry together with SU{2)pg gives rise to the SU(2)pg x 
SU{2)r X U{1)r subgroup (OD in the SU{A) R-symmetry of the = 4 SYM. 

The complete A/" = 4 SYM effective action, F, is a functional of the superfields W 
and g+. In the four- derivative part, these superfields must appear without derivatives, 

= j d^xd^9du Ci{W, W, g+, g+) , (4.3) 

as the Grassmann part of the full M = 2 superspace measure already provides the appro- 
priate number of derivatives. The part of £4 that depends only on W and W is called the 
'non-holomorphic potential' [IH] . Scale invariance fixes the form of this potential uniquely, 
up to a coefficient [30l En] 

C,{W, g+, g+)|,=o = cln ^ In ^ . (4.4) 

Fixing the coefficient c requires explicit one-loop calculations. For the case at hand, with 
SU{2) gauge group spontaneously broken to t/(l), this yields [HI [321 133] 

(4.5) 



(47r)^ 



Buchbinder and Ivanov [29] showed that including the hypermultiplets in a way con- 
sistent with on-shell Af = 4 supersymmetry leads uniquely to 

CiW, W, g+, t) = c| In ^ In ^ + (Z) } (4.6) 

within 

H{Z) = ^— ln(l -Z) + U^{Z) -l = Y. -ir—T\ ' ^4-^) 

n=l ^ ' 

where Li2{Z) is the dilogarithm function and the superfield Z is defined by 



WW ■ 

Here = D g+. This Z is manifestly SU{2)pg x SU{2)r x U{1)r invariant. 



(4i 



^ The function (j4.7p has been rederived in [331 1311 ESI |3B] through perturbative quantum calculations 
using powerful computational techniques of the off-shell J\f = 2 harmonic superspace. 
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4.2 The 'F^/X^' term in the J\f = 2 superspace action 

In [29], it has been verified that the superfield expression for r4 contains the 'F^/X^' term 
(ll.ip . Indeed, using ( 14.ip and ( 14. 2p with constant scalars, and performing the superspace 
integration in (14. 3p with £4 given in (14.61) . we find 



n=0 

nnfc 17 T7im 1 1 



£/a^=™!::^Pi^. (4.9) 



4i (M+ff.r- 

With c given in (14. 5p . and /' and related to the six real scalars Xa via 



f = X, + zX2, f = X3 + tX,, <f) = X, + tX,- h = {f), =((/.), (4.10) 
this yields the coefficient of the 'F^/X^' term quoted in ( II. ip . 



4.3 The WZ term in the J\f = 2 superspace action 

For a general £4, the action (14. 3 p contains a pure scalar WZ-like term [17]. As we will 
show next, the particular £4 given in (14. 6 p leads to the S'0(6)-invariant WZ term (11. 2p . 

The non-holomorphic potential ( 14. 4p does not contribute to the WZ term, as it depends 
only on two of the six scalars. Therefore, the WZ term is determined by the function H{Z) 
in (14. 6p . We evaluate the relevant integral, / d'^9H{Z), by projection with the superspace 
covariant derivatives, see Appendix lB.2l and find the following result for the part involving 
the Levi-Civita tensor, 



Twz = 2ic£'""f^ / d^xdu 



^ ^'-^^ s f~d f+d f+d f- 



dftdftdf-dfj 



d<pdf+dftdf- '"^ '''' d<pdf+df~dr, 

where = f^uf are the lowest components of g^, and 

^ J_!A = xf + xj + xj + xj 
00 00 xl + xi 



(4.11) 



(4.12) 



is the lowest component of the superfield Z in (14. 8p . The T^z in (14. lip is the sum of 
three terms, Twz = Ti + T2 + T3, of which the first one is imaginary and the other two 
are complex. The imaginary part of T2 + T3 can be written as follows 



ice'' 



Integrating here by parts with dm-, we obtain precisely — Ti, i.e. the first term in (14. lip 
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with opposite sign. Therefore, T\yz is equal to the real part of T2 + T3, 

zc.™| d'^dudJ^dJAdJ^^-dJ,-^){d^c^^-d^4>^)^^ (4.14) 

The partial derivatives of the function H with respect to and cj) reduce to ordinary 
derivatives with respect to z. As z, given in fl4.12p . is independent of the harmonics, the 
identities ( IB. 911 are sufficient to evaluate all the harmonic integrals. This way we find 



wz 



2 



Y^5ni:!/,^9j„v;5pAV^ + gr'/afc9„/^9j;9,/,^/^j — ^i^^ — j, (4.15) 

where = dl" H {z) / df" . With = (/\ f ) and /f = (-/„ /i), we then obtain 



dnf%Md,Pfj-dJ,f 



-9^1n^. (4.16) 



Finally, using fl4.10p together with the polar decomposition for 0, 

= X6 + ^X5 = Xe'" , (4.17) 

we find that 

where a',b' = 1,2,3,4 are S0{4) indices and e^^^^ = 1. For any H{z), this WZ-like term 
has manifest SO {4) x SO {2) invariance. But only for particular H{z) this invariance gets 
extended to S0{6). The H{z) given in (14. 7p is one such function. It satisfies Ell 

6H^^\z) + QzH^^\z) + z^H^'^^z) = — -^tt , (4.19) 

[z-iy 

so that f l4.18p becomes 

Twz--ce e Jdx ^^.X, + X^y " ^^'^^^ 



^'^ Contrary to eq. (6.14) in [47], we find it impossible to rewrite Twz so that and (j) appear without 
derivatives. Their eq. (6.12), however, agrees with our eq. (|4.1ip . On the other hand, eq. (4.13) in [?B] 
is incomplete, as it includes only the first (imaginary) term in our eq. (14. lip . Of course, these small 
corrections do not affect the key results of [47] and [46] . 

The function (|4.7I) is a particular solution to the fourth order differential equation (|4.19p . The 
general solution is a sum of this particular solution and 

— + C2 + C3 In z + C4Z , 
z 

where the four c's are arbitrary constants. Therefore, requiring that (|4.3I) with (|4.6p yields the WZ term 
(|4.20p does not fix H{z) uniquely. However, as shown in j29l . the requirement of A/" = 4 supersymmetry 
selects the H{z) in ()4.7p as the unique possibility. 



14 



With c given in f l4.5p . this matches f l2.20p perfectly. 

Therefore, we have exphcitly verified that the action of Buchbinder and Ivanov \29\ . 
providing the M = 2 harmonic superspace expression for contains both the 'F^/X^' 
term ([Til]) and the WZ term (Oj) . 

5 Summary and discussion 

In this paper, we discussed the Wess-Zumino term [131 [H] in the low-energy effective 
action for = 4 SYM on the Coulomb branch. The WZ term has well-known five- 
dimensional form (11. 2p with manifest 5*0 (6) R-symmetry. We found, however, that it is 
also important to know its four-dimensional forms, even though the full S0{&) symmetry 
cannot be manifest in such a formulation. We argued that the subgroups of SO{Q) that 
can be made manifest determine natural superspaces for the description of the effective 
action. 

As the WZ term reflects the anomaly in the R-symmetry currents, the determining 
factor is whether the subgroups are anomalous or not. We found that three maximal 
subgroups, 5*0(5), 5*0(4) x 50(2), and 50(3) x 50(3), are non-anomalous, and we 
explicitly constructed three four- dimensional forms of the WZ term with these symmetries 
being manifest. The 5*0(5) form has been discussed before [371148]. whereas the two other 
forms are new. (We also demonstrated that in a general (i-dimensional 5*0((i+2)-invariant 
WZ term [37] the 5*0 (n) x 5*0 (rf + 2 — n) subgroup for any n can be made manifest.) 
The fourth maximal subgroup of 5*0(6) ^ 5*f/(4) R-symmetry, 5*t/(3) x f/(l), is however 
anomalous, which implies that it is not possible to keep it manifest in a four-dimensional 
form of the WZ term. 

We showed that the 5*0(5) and 5*0(4) x 5*0(2) R-symmetry subgroups point naturally 
to A/" = 4 USp{4) [221 ES] and Af = 2 SU (2) [2S| harmonic superspaces, respectively. 
Starting with the known expressions [26l [29] for the A/" = 4 SYM effective action in these 
superspaces, we identified WZ-like terms that they contain and found that these match 
perfectly the 5*0(5) and 5*0(4) x 50(2) forms of the 50 (6)-invariant WZ term. In the 
M = 2 case [29], our results correct and complete similar investigations in [13 [16]. The 
WZ term in the J\f = 4 formulation [26] has not been previously discussed. 

Our results also explicitly confirm that the Af = 4 supersymmetrization of either the 
'F^/X"" term ([HID or the WZ term ([OD leads to the same action, which is the four- 
derivative part in the Af = 4 SYM effective action [20j . 

The forms of the AT = 4 SYM effective action in the TV = 2 [2D] and A/" = 4 [2S] 
superspaces were found as unique superfield expressions obeying the requirements of scale 
invariance and full A^ = 4 supersymmetry. These symmetries leave only the overall 
coefficient undetermined. Fixing this coefficient requires explicit one-loop calculations. 
However, as the coefficient in front of the WZ term must be quantized [2J, the ambiguity 
is reduced to choosing an integer N in fl2.12p . In the simplest case that we considered, 
with SU{2) gauge group spontaneously broken to U{1), this coefficient takes its minimal 
allowed value, N = 1 [13] . In the general case of a gauge group Gg broken to its subgroup 
Hg, one finds N = (|Gg| - \Hg\)/2 [H]. 

Our results also shed more light on the problem of describing the Af = 4 SYM effective 
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action in A/" = 3 harmonic superspace and in the conventional A/" = 1 superspace. 

The = 3 harmonic superspace [HI EUI is based on the SU{3) R-symmetry group. 
However, as we argued, it is not possible to write the WZ term in a four-dimensional 
form with SU{3) R-symmetry being manifest. This makes the formulation of the effective 
action in the A/" = 3 superspace non-trivial. The SU (3) R-symmetry must be explicitly 
broken in the superspace Lagrangian, but in such a way that it is restored upon superspace 
integration. This would be similar to the way the constant A apparently breaks scale 
invariance in (11. 5p and (11. 6p . Alternatively, one can have manifest SU{3) R-symmetry at 
the price of non-manifest locality. Such a form of the A/" = 4 SYM effective action has 
been proposed in [5l]. Similarly, one could try to maintain manifest SU{4) R-symmetry 
by either sacrificing manifest locality in four dimensions, or by A/" = 4 supersymmetrizing 
the WZ term (II. 2p directly in five dimensions [52] . 

In the Af = 1 superspace formulation of the classical N' = 4 SYM action, the SU (3) 
R-symmetry rotates three chiral superfields |53], whereas in the A/" = 3 superspace it 
rotates Grassmann coordinates. Nonetheless, we conclude that in the A/" = 1 superspace 
formulation of the effective action [2D], the SU{3) R-symmetry cannot be manifest. This 
makes the problem of constructing the M = 1 form of the effective action r4 particularly 
interesting. 

Finally, the form of the WZ term with manifest 5*0 (3) x SO {3) subgroup of the 5*0(6) 
R-symmetry deserves further study. It would be interesting to see to which superspace 
formulation of the A/" = 4 SYM effective action does it correspond. 
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A Af = 4: U Sp{4:) harmonic superspace 

A/" = 4 USp{'i) harmonic superspace has been developed in [251 126]. Here we will give a 
summary of its basic features relevant for the discussion in Section [31 

A.l USp{4:) harmonics and covariant derivatives 

Harmonics u-i on a coset G/H correspond to a G-matrix with i running over the fun- 
damental representation of G and i running over the reducible representation of H that 
defines its embedding in G [25]. For G = USp^A) and H = U{1) x f/(l) embedded as 

4 = (+1, 0) + (-1, 0) + (0, +1) + (0, -1) , (A.l) 
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this gives USp{4:)/[U{l) x U{1)] harmonics u-i, with i = 1,2,3,4 and 

z = (+,0),(-,0),(0,+),(0,-), (A.2) 

which form an USp{4) matrix u, 

uu^ = I4 , u^lu^ = n . (A. 3) 

Here I4 is the unit matrix and is a constant antisymmetric matrix, Q"^ = —Q. Being 
the USp{A) invariant tensor, Q is used to raise and lower USp{4) indices, e.g., 

v^ = ir^v^j, v^i = QijV^- Q'mjk = 6l. (A.4) 

Constraints (]A.3I) yield orthogonality conditions, 

^(+,0)^(0,+). ^ ^(+.0)^(0,-). ^ „{o,+)^(-,o). ^ ^(-.0)^(0,-). ^ ^ (A.5) 

and completeness relations, 

- + uf'^^uf'-^ - 4°'+)«f = % . (A.6) 

Grassmann coordinates 6ia, (9^ and the corresponding covariant spinor derivatives D^, 
of the conventional A/" = 4 superspace are projected with the harmonics, 

ei = -i'^e,a, h = ^l. Di = v^Dl^, Di = -v^D,^. (A.7) 
Complex conjugation operates as follows 



= (nf = T^(°'^)\ (a,,) = -r]'^- . (A.8) 

Another useful 'tilde-conjugation' is defined by 

5F^ = -4°'^\ 5F^ = -D^°\ Bp) = DF), 5F^ = D^°). (A.9) 

Besides spinorial D's, there are also bosonic f/5'p(4)-covariant harmonic derivatives 



_ (+,0) d (-,0) d _ (0,+) (0,-) ^ 



(A.IO) 

The operators Si and 5*2 measure the U{1) x f/(l) charges of other operators, 

[Si, ^(^1.^2)] _ s^/}(-i:^2) ^ [5^^ jj{sus2)^ ^ S2D^''''''^ , [^1, 52] = . (A.ll) 

The complete algebra of the harmonic derivatives is given in eq. (A. 3) of [26j. It is 
isomorphic to the Lie algebra of USp{A). The two triplets of operators in 

[D(++'^\ D(— '0)] = Si , Z}(0'— )] = 52 , (A.12) 

define an SU{2) x SU{2) subgroup of USp{A). 
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A. 2 Analytic subspace 

N = A USp{4:) harmonic superspace {x"^,9l^,9^,u-i} contains several analytic subspaces 
with 8 (out of the total 16) real Grassmann coordinates p6]. One such subspace is 
parametrized by 

where 

a;- = a;- _ + z^^(0'+)(T™^(°'-) - + . (A.14) 

In this analytic subspace, the following Grassmann derivatives become short, 

n(0'±) - + ^ n(±.o) - + ^ f A 1 ^) 

The analytic measure used for integrating over the analytic subspace (1A.13P is 

dCdu = d'^X[A]d^O[A]du . (A. 16) 

Integration over Grassmann variables is defined by 



ci'^[A](^(+'°^)'(^^~'°^)'(^^°'+^)'(^^°'-^)' = 1 , (A.17) 
whereas the harmonic integral is defined to select the USp{4) singlet 

dul = 1 , du (non-singlet USp{4:) irreducible representation) = . (A. 18) 



A. 3 Gauge superfield strength 

In the conventional Af = 4 superspace {x™, 9ia, ^^}, the gauge superfield strength W^^ is 
constrained by 

1 

—I 
2 



D\W^^ + D{W''' = 0, Di^W^'' = -(5p,„Vr"= - (5f AaW^'-"') • (A. 19) 

3 

Among its harmonic projections, = u-ivJ-jW^^ , we select the following one 

W = uf^'+^f'^^W'^ . (A.20) 

This superfield alone is sufficient to describe the J\f = i gauge multiplet |26]. The con- 
straints (1A.19I) imply the following restrictions on W, 

>V = W, (A.21) 

^(0,+)-^ = D^^^-^W = = = , (A.22) 

W = W = Z}(°'++) W = ) W = , (A.23) 

(D(+'+))2w = . (A.24) 
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W is neutral with respect to the U{1) x C/(l) subgroup of USp{4): SiW = 5*2^ = 0. 
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According to (]A.2ip . W is real with respect to tilde-conjugation (IA.9p . Thanks to (lA.lSp . 
constraints (IA.22P are trivially solved in the analytic subspace flA.lSP : 



W = W{xlX],e^^''\9^^'^\uh). (A.25) 



In this analytic subspace, harmonic derivatives in f lA.23p and f lA.24p take the following 
form (omitting terms that act trivially on W) 

r)(±±.0) _ T^(±±,0) I n(±,0] 9 p(0,±±) _ n(0.±±) , n(0,±) ^ 

n(+'+) = + ^(o,+)_A_ + ^(+,o) d 



[^1 90(-'O) 9^(0.-) 



where D^'^'^'^\ /}{o,±±) Q^yid D^^'^^ are as defined in ( lA.lOp . As the harmonic derivatives in 



(1A.26P do not involve space-time derivatives, constraints (]A.23P are also kinematical. With 
([021) . they simply express the fact that W depends only on USp{A)/[SU{2) x SU{2)] 
harmonics. The only dynamical constraint, which puts W on shell, is (IA.24p . 

The superfield W describes the A/" = 4 gauge multiplet with six scalars, four spinors 
and one gauge field. The latter enters W as the gauge-invariant field strength Fmn- The 
six scalars split into 1 and 5 of USp{4:) described, respectively, by ip and satisfying 



Jp = ip; r = -P\ ra,=0, (f^) = = . (A.28) 
Omitting the fermions (gauginos), the component expansion of W reads 

_4,^(+,o)^-(o,+)5a^ pu[-^'\f-^ - 4ze(-'°)^t'"^^"" ru^^''\f^^ 

+4^(+,o)^(-,o)^-(o,+)^-^,-)^„.^,,^^ - Piu^^'^u^^^'^ - uf^^f-^)] . (A.29) 
The missing gaugino- dependent terms are given in eq. (5.21) of [25] • 
A. 4 50(5) harmonics 

The 5 of USp{A) ^ 5*0(5) is given by the antisymmetric fi-traceless part of 4 x 4. The 
corresponding Clebsch-Gordan coefficients are gamma matrices Yj , with a = 1,2,3,4,5 
of 50(5) and 2 = 1, 2, 3, 4 of USp{A), such that 



7^ = -7r, ^70^=0, 7a.,7f + 7rf = 25a.5f , (7^) = -7a., , 
7:^76., = -45a. , 7a.,7„'' = -2(5f 55 - 5l5^) - ^fi'^' . (A.30) 
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Using the bilinear combinations of USp{A)/[U{l) x f/(l)] harmonics appearing in (IA.29p . 
we define 



These objects have definite U{1) x f/(l) charges [H], but they do not form an SO (5) 
matrix as their non-zero products are 

^(-,-)^(+,+) = _2, ^;(-.+)^;^-) = +2, ^;f%r = -4. (A.32) 

We therefore define S0{5) harmonics by 

^^a^ = ^(^i-^^-^^i^'-^), vt = livt^^^+vi^^-^), vl = -\vr^. (A.33) 



These are real, (t>^) = f^, and obey 

vtvl = 5^' , E^^^^'^vlvyAvl = 1 . (A.34) 
The integration over 5*0 (5) harmonic variables is defined by 

dvl = 1, dv (non-singlet S0(5) irrep) = . (A. 35) 



Two basic harmonic integrals are 

J dvvlvl = ^6ab, J dvvlvlv^vjvl = ^Eabcde ■ (A.36) 

A bit of combinatorics yields the following generalization of these integrals El 

3 

dvvl^...vl = { (2n + l)(2n + 3)'^(-----^'^'=-'^^)' ^ = 

, k = 2n + l 

dvvlvtvXvlvl^...vl = { 8(5 + 2n)(2n + 3) ' ~ (A.37) 

k = 2n + l. 

The gamma matrices also relate f^^ to Xa, 
The sixth scalar is the 5*0(5) singlet: ip = Xq. 
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We (anti)syinmetrize with 'strength one': [ab] = {ab — ba)/2, (ab) — {ab + ba)/2, etc. 
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B Af = 2 harmonic superspace 

The standard M = 2 harmonic superspace [271 [28] is based on SU{2)/U{1) harmonics w-j. 
Here i = 1, 2 is the fundamental SU{2) index and i = +, — corresponds to the reducible 
representation of the U{1) that defines its embedding in SU{2): 2 = (+1) + (—1). The 
harmonics u-i form an SU{2) matrix u {uu^ = I2, detu = 1), so that 

= 1, = U^'Ui = 0, U^Uj - U^U~ = Eij , (B.l) 

where the SU{2) index is raised with the SU{2) invariant tensor e*-^, 

= e'^Uj, Ui = EijU^; EijE^^ = 5f . (B.2) 
The harmonic projections of A/" = 2 Grassmann variables and spinor derivatives are 

0^ = ^tO'^, 'Ql = nte\. Dt.=nfDl, D^ = ufDl. (B.3) 
Bosonic 5'[/(2)-covariant harmonic derivatives, 

form an SU{2) algebra: [D++,D—] = D^, [D^,D^^] = ±2D^^. Tilde-conjugation is 
defined by 

i^) = u^\ i^) = -uf, m = et (5) = -^^- (B.5) 

In the Af = 2 harmonic superspace {x"^, 9^, u-i}, there is a real analytic subspace, 

{Ca, u} = {{x^ et, el),uf}- x'i = x^- te+a^^e- - zr a'"^ . (b.6) 

In the analytic subspace, derivatives become short. 

Integration measures for the full superspace and its analytic subspace are defined by 

= d^xAd^e+ , / d^e+{0+)\e+f = i , / d%e+y{0-f{e+)\0-f = i . (b.s) 



The harmonic integral is defined to yield one for the singlet representation, J dul = 1, 
and zero for any other irreducible representation of SU{2). Useful examples are 



du ufujuf^ Ui = ^ {sikSji + euEjk) 



~^^im^ jn^kl ~l~ ^in^jl^km ~l~ ^in^jm^kl) ■ (-^■'^) 



21 



B.l J\f = 2 gauge and hyper multiplets 

The A/" = 4 gauge multiplet splits into one Af = 2 gauge multiplet and one M = 2 
hypermultiplet. In = 2 harmonic superspace, these are described, respectively, by 
analytic prepotentials V^"^"^ and = (g"*", —q~^), 

D^V^^ = = , DUt = DUt = . (B.IO) 

In addition, V^++ = V^^ and g+ = q^^ = e'^^q^ . The gauge supefield strengths are 

W = ~^{D+fV—, W = -^{D+fV— = W , (B.ll) 

where V is uniquely defined by D~^^V = D V~^~^ . The superfield strengths satisfy 

D^^W = D^^W = 0, D^W = D^W = 0, {D^YW = {D^fW . (B.12) 

These constraints do not put W and on shell. The classical action for the abelian 
J\f = A gauge multiplet is the sum of kinetic terms, 

Sj^^^ = i y d^'xd^e + d^^d'^e + d^xd^edu qtD++q+'' . (B.13) 

The non-manifest M = 2 supersymmetry transformations are given by 

5W = e^''Dlqt, 6W = e'^'^D-q^ , 5qt = e^^D^W + ^DtW , (B.14) 

where e"" are the anticommuting parameters. Component expansions in (14.11) and (14. 2 p 
lead to canonical kinetic terms for bosonic fields. Classical equations of motion (II. 4p 
correspond to the following on-shell constraints on W and q^, 

{D^yW={D^)'^W = 0, D+V = 0. (B.15) 



These follow from (IB.13P upon varying V~^^ and q^, as well as from closure of (IB.14P 



B.2 Obtaining the WZ term by projection 



Combining the off-shell constraints (IB.10|B.12p and on-shell constraints fIB.lSp . and using 



the algebra of covariant derivatives, we find the following on-shell identities 

(D-rql = {D-fqt = , (0^)^ = {D^)\ = , 
{D+fW = {D-)^W = D+'^D^W = , 

{D+fW = {D-)^W = D+^'D^W = 0, (B.16) 



and 



2zd^^q^ = D+D-q+ = -D^DT^q+ = D^D^q- = -DfD+q- , 
2tdaaq- = D-Diq- = -D.D^q- = DTD-qt = ~D-DTq^, 
2%d^^W = ~D.D^W = DtD-W, (B.17) 
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where = D g+. Noting that 

jd'9f = D^D^f\e=o. D^D' = ^DlD^'' DjD-f" D^'^ D^D-^ , (B.18) 
we calculate 

D'D'H{W,W,q^,q-) = -^^^^^d-^q^d^^q^d^^^q^d^^q^ 

dq+dqldq^ dq^ 



-d'^^q'ddc.aqtd^'-Wdp^q- + . . . , (B.19) 



dWdq+dq-dq^^ 



where we have shown only terms with cyclic contraction of the spinor indices. Upon 
projecting to ^ = 0, we find the expression for Twz given in (14. lip . Alternatively, one 
could use 6'-expansions (14. ip and (14. 2 p and integrate by the rule given in (IB.Sp . 
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